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I.     INTRODUCTION 

 It is well known that the Diophantine 

equations are rich in variety [1-3]. In particular, one 

may refer [4-11] for cubic with three unknowns. In 

this paper, yet another cubic equation with three 

unknowns given by

( ) 322 111153 zyxxyyx =+++−+ is considered for 

determining its infinitely many non-zero integer 

solutions. Also, A few interesting relations among 

the solutions are exhibited. 

 

II.     NOTATIONS 

 

• ( )12 2
−= nnSOn  - Stella octangular number 

of rank n 

• 3
,6 nCP n = - Centered hexagonal  pyramidal 

number of rank n 

• 12 −= nGNOn  - Gnomonic number of rank 

n 

• ( )1+= nnPRn - Pronic number of rank n 

• 
( )( )








 −−
+=

2

21
1,

mn
nt nm - Polygonal number 

of rank n with size m
 

 

 

• 166 2
+−= nnSn

- Star number of rank n 

• 1464 23
−+−= nnnRn

-Rombic 

Dodecagonal number of rank n 

III. METHOD OF ANALYSIS 

 The ternary non-homogeneous cubic 

equation to be solved is 

( ) 322 111153 zyxxyyx =+++−+           (1) 

Introducing the linear transformations 

vuyvux −=+= ,             (2) 

in (1), it gives 
322 11111 zvU =+             (3) 

where  1+= uU             (4) 

Assume ( ) 22 11, babazz +==            (5) 

Solving (3) through various methods and using (2), 

different sets of integer solutions to (1) are obtained. 
A.Method 1:  

Consider  

( )( )11101110111 ii −+=            (6) 

Substituting (5), (6) in (4) and applying the method 

of factorization, 

( )( ) ( )( )

( ) ( )33

1111

111011101111

biabia

iiviUviU

−+

∗−+=−+

Equating the positive and negative terms in the 

above equation, we have 

( ) ( ) ( )311111011 biaiviU ++=+        (7) 
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( ) ( ) ( )311111011 biaiviU −−=−        (8) 

Equating the real and imaginary parts in either (7) 

or (8), we have 
3223 1213333010 bbaabaU +−−=        (9) 

3223 1103033 bbaabav −+−=       (10)

   

Substitution of (9) in (4) gives 

11213333010 3223
−+−−= bbaabau              (11) 

Substituting the above values of u and v  in (2), we 

get 

( )

( ) 





−+−−==

−+−−==

1231632979,

111336311,

3223

3223

bbaababayy

bbaababaxx

  

(12) 

Thus, (5) and (12) represents the integer solutions 

of (1). 
Properties: 

� ( ) 01036511,1 ,7286, =−++− btCPbx bb  

� ( ) 01120, 6, =++ aCPaay  

� 
( )





=−−

++++

0197188

7023401, 6,

a

aaa

GNO

PRCPRaax
 

� ( ) ( ) 0220125601,1, =++−−− aPRSOayax aa  

� ( ) 01456, 6, =++− aCPaay  

Note 1: 

Apart from (6), 111 is also expressed as 

( )( )
4

1151311513
111

ii −+
=

 
                   (13) 

In this case, the corresponding solutions to (1) are 

given by 

( )

( )

( ) 22

3223

3223

444,

12992105681632,

11848237650472,

BABAzz

BABBAABAyy

BABBAABAxx

+==

−+−−==

−+−−==

 

B.Method 2: 
(3) is written as 

111111
322

∗=+ zvU         (14) 

Assume  
( )( )

36

115115
1

ii −+
=         (15) 

Substituting (5), (6) and (15) in (14) and employing 

the method of factorization, define 

( ) ( )( )( )biaiiviU 111151110
6

1
11 +++=+

        
(16) 

Equating the real and imaginary parts in (16), we 

have  

( )

( )









−+−=

+−−=

3223

3223

42911749515
6

1

1815495128739
6

1

bbaabav

bbaabaU

       (17) 

Replacing a  by A6 and b by B6 in (17) and (5) we 

get 
3223

6534017820463321404 BBAABAU +−−=   (18) 
3223

15444421217820540 BBAABAv −+−=        (19) 
22

39636 BAz +=                     (20) 

Substitution of (18) in (4) gives 







−+

−−=

165340

17820463321404

3

223

B

BAABAu
       (21) 

Substituting the above values of u and v  in (2), it is 

seen that 

( )

( )












−+

−−==

−+

−−==

180784

2203228512864,

149896

13608641521944,

3

223

3

223

B

BAABABAyy

B

BAABABAxx

    (22) 

Thus, (20) and (22) represents the integer solutions 

of (1). 

 
Properties: 

� ( ) 0125920, 6, =++ ACPAAx  

� 
( )





=++

+−+

04449723328

47952106272,1 3,

B

BB

GNO

PRCPBBy
 

� ( ) 019435281124948,1 ,128306 =−++− BtSOBx BB

 

� 
( ) ( )

( ) 



=−−

++−

02311222032

3564030888,1,1 6,

B

BB

GNO

PRCPByBx
 

� 
( )





=−+

+−−

0775483234

220388641, 6,

A

AAA

GO

PRSCPAy
 

Note 2:  

It is to be noted that, in addition to (15), 1 may also 

be represented as 

( )( )
100

11311131
1

ii −+
=               (23) 

For this choice, the corresponding integer solutions 

to (1) are given by 
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( )

( )















+==

−+

−+−==

−+

−−==

22

3

223

3

223

1100100),(

1349800

954001782005400,

1400400

10920026400800,

BABAzz

B

BAABABAyy

B

BAABABAxx

Note 3: 

In (14), employing (13) along with (15) and (23) 

inturn, one obtains two more sets of integer 

solutions to (1) which are exhibited below: 

 
Set 1: 

( )

( )

( ) 













+==

−+

−+−==

−+

−−==

22

3

223

3

223

1584144,

1677952

1848961330564032,

1646272

1762562280966912,

BABAzz

B

BAABABAyy

B

BAABABAxx

 

Set 2: 

( )

( )















+=

−+

−+−==

−+

−+−==

22

3

223

3

223

4400400

11460800

398400258720078400,

12798400

763200142560043200,

BAz

B

BAABABAyy

B

BAABABAxx

 

 In this paper, a search is performed to obtain 

different sets of integer solutions to the ternary 

cubic equation given by (1). To conclude, one may 

search for other choices of integer solutions to (1).
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